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Vacuum to vacuum instantonic transitions modify the power spectrum of primor-
dial gravitational waves. We evaluate the new form of the power spectrum for ordi-
nary gravity as well as the parity violation induced in the spectrum by a modification
of General Relativity known as Holst term and we outline the possible experimental
consequences.
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I. GENERAL REMARKS
The great enhancement in the sensitivity of the Cosmic Microwave Background (CMB)
polarization detectors expected in the near future could be the key to efficiently probe the
existence of a background of primordial gravitational waves (GW). The two basic modes of
the CMB spectrum are generally referred as parity even E-modes, produced by scalar and
tensor fluctuations and parity odd B-modes, produced only by tensor fluctuations. So, it is
in the B-modes of CMB that we can find information about the existence of primordial GW;
needless to say that the predicted amplitude of the produced signal is very small, making
its detection an extremely hard task.
Primordial GW are produced by quantum fluctuations around the classical expanding
background characterizing the inflationary era. From an experimental perspective, they
may be observed by measuring the B-modes self-correlation in the CMB spectrum (BB-
correlation). In general, the correlation functions between CMB modes and temperature
fluctuations depend on the GW power spectrum, which can be calculated in the canoni-
cal quantization scheme by evaluating the variance of the gravitational perturbations with
respect to a unique vacuum state (see [1]). Nevertheless, the non-abelian structure of the
large component of the local gauge group of gravity suggests that, in general, a class of
inequivalent vacua characterized by different winding numbers exists: this fact compels us
to reconsider the calculation of the primordial GW power spectrum, which in fact results
modified by the existence of instantonic transitions.
Specifically, in this Letter, by using semiclassical arguments based on the Wentzel-
Kramer-Brillouin (WKB) approximation, we demonstrate that the vacuum-to-vacuum tran-
sitions can produce a modification of the primordial GW power spectrum and, when topo-
logical extensions of the Hilbert–Palatini action are taken into account, they generate an
effective violation of parity. The violation of parity drastically reflects on the phenomenolog-
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2ical outcomes of this model, which predicts non-vanishing TB and EB cross correlations.1 In
general, since the magnitude of the temperature fluctuations, T, is much larger than either
E or B fluctuations, it would be easier to find evidence for TB than EB cross-correlation.
However, according to our results, since TB as well as EB cross-correlations are related to
instantonic transitions, their amplitude is exponentially suppressed with respect to that as-
sociated to the other cross-correlations. Therefore, their detection may be a very hard task
unless gravity is almost completely chiral, as we detail in what follows.
The Holst action for General Relativity [2] will serve as our prototype to study this
mechanism, being aware that other topological modifications of ordinary gravity can produce
the same effect.2 Nonetheless, the Holst action can be considered particularly interesting
as it is the Lagrangian counterpart of the Ashtekar–Barbero reformulation of canonical
General Relativity [3, 4], which is at the basis of the non-perturbative approaches to the
quantization of gravity belonging, let’s say, to the Loop Quantum Gravity family [5–8].
Therefore, a result indicating that parity can be violated by quantizing the Holst action
in the WKB approximation, would suggest that the same effect could characterize the full
quantum theory.
Without giving further details, we only mention that the Holst action consists of the
standard Hilbert–Palatini action plus an on-(half)shell vanishing term, called Holst modifi-
cation, which contains a new constant, the Barbero–Immirzi (BI) parameter. Many different
interpretations have been proposed for the BI parameter. From our perspective, the most
interesting one interprets the BI parameter as an instanton angle [9–16]. In these terms, we
expect that it enters in the coefficients characterizing the parity violation effects as a chiral
parameter, in accordance with the assumption made by Contaldi, Magueijo and Smolin [17]
– though, as we will show, the modification to the GW power spectrum produced by the
Holst modification through instantonic effects is not simply the one assumed in [17].
II. INSTANTONIC TRANSITIONS AMPLITUDE
Roughly speaking, all the inflationary models are characterized by a “slow roll phase”
during which the Universe goes through a rapid expansion. The inflaton potential during the
slow roll is well approximated by a constant, so that a simple dynamical model that efficiently
describes this phase can be derived from the Hilbert–Palatini action for gravity with the
cosmological constant, Λ. Primordial GW are produced during the de Sitter expansion
phase by quantum fluctuations around the classical background, namely they are quadratic
deviations from the unique vacuum state, |0〉. Specifically, by using a harmonic oscillator
1 The TB and EB correlations are in fact the only two cross-correlation functions among all the possible
combinations of E and B modes and temperature fluctuations, T, that vanish identically as a consequence
of classical symmetries, specifically the parity invariance of classical General Relativity.
2 Further considerations about parity violating instantonic effects produced by other topological terms will
appear in a forth-coming paper, where we will elucidate the role of Nieh–Yan and Chern–Pontryagin terms
in this picture.
3analogy and following Ref. [1], we can write the variance of gravitational perturbations as
〈0| hˆ†L/R(k, t)hˆL/R(k
′, t) |0〉 =(2π)3
16πG
a2
∣∣vL/R(k, t)∣∣2 δ(k, k′)
≡(2π)3P
L/R
h (k)δ(k, k
′) , (1)
where hˆL/R is the operator associated to the left and right modes of the graviton field
respectively, a is the conformal factor and vL/R(k, t) is the expansion coefficient of the
quantum operators, namely hˆL/R(k, t) = vL/R(k, t)aˆk + v
∗
L/R(k, t)aˆ
†
k. The second line of Eq.
(1) defines the GW power spectrum P
L/R
h (k) for left and right modes, that in the de Sitter
space-time reads PLh (k) = P
R
h (k) = Ph(k), where [1]:
Ph(k) =
8πG~
k3
H2 =
8πG~
3k3
Λ . (2)
Namely, the left and right GW modes turn out to have the same power spectrum.
A closer look at the global gauge structure of the de Sitter solution is now in order. To
be specific, we refer here to the spatially flat de Sitter geometry. The de Sitter space-time
is characterized by the following spatial boundary conditions
(3)R
∣∣
∂M
= 0 , (3)
so that the spatial connection reduces on the boundary to a pure gauge:
(3)ω
∣∣
∂M
= Ω−1dΩ , (4)
and has topology M = R×S3; namely, every spatial slice is flat and, through the one-point
compactification, topologically equivalent to S3. As a consequence ∂M = S3i ∪ S
3
f ; S
3
i and
S3f being, respectively, the two Cauchy slices where the initial and final states of the system
are defined. The vacuum state of such a gravitational system corresponds to pure gauge
field configurations of the SU(2) group, which is the natural realization of the topological
sphere symmetries plus time reversal. Considering that Π3 [SU(2)] = Z, we expect that a
class of inequivalent vacua, classified according to the corresponding homotopy classes, arise.
The homotopy classes are determined by the winding (or instantonic) number through the
Maurer–Cartan integral,
w (Ω) =
1
24π2
∫
S3
TrΩ−1dΩ ∧ Ω−1dΩ ∧ Ω−1dΩ . (5)
So that, to refer to the full class of inequivalent vacua, we can use the notation |Ωw〉,
w = 0, 1, 2, . . . . It is clear that the vacuum states |Ωw〉 are not fully gauge invariant. In this
regard, it is worth noting that Gn |Ωw〉 = |Ωw+n〉, where Gn is a large gauge transformation
with winding number n. Therefore, as physical vacuum, we consider a linear superposition
of the w-vacuum states |Ωw〉, indicating it as |Ω〉. We note that 〈Ω|Ω〉 6= 1, since different
vacua are quantum mechanically bridged by left and right instantons 0-modes: this generates
a non-trivial modification in the GW power spectrum as we are going to argue.
4By using again the harmonic oscillator analogy, we can generalize the definition in Eq.
(1) to the existence of inequivalent vacua as follows:
〈Ω| hˆ†L/R(k, t)hˆL/R(k
′, t)|Ω〉
= (2π)3
16πG
a2
A
[
Ω
L/R
−→ Ω
] ∣∣vL/R(k, t)∣∣2 δ(k, k′)
≡ (2π)3P
L/R
h (k)δ(k, k
′) , (6)
where A
[
Ω
L/R
−→ Ω
]
denotes the tunneling amplitude for instantonic transitions associated
respectively to left and right 0-modes. So that the generalized power spectrum for primordial
gravitational waves reads:
P
L/R
h (k) = A
[
Ω
L/R
−→ Ω
]
P
L/R
h (k) . (7)
In accordance with a procedure used by ’t Hooft [18], the amplitudes of the vacuum-to-
vacuum instantonic transitions can be evaluated as tunneling processes in the WKB ap-
proximation, i.e., by using the following formula:
A
[
Ω
L/R
−→ Ω
]
≈
∑
∆w
e
−
∣
∣
∣S
L/R
Eff
(∆w)
∣
∣
∣/~
, (8)
where ∆w is the absolute variation in the winding number associated to the initial and
final vacuum states. SEff is the Hamilton function associated to the left and right quantum
fluctuations in the classically prohibited region, or, equivalently, the pull-back of the self-dual
and antiself-dual Euclidean actions to the solution of the equations of motion. The result
obtained by ’t Hooft indicates that the likelihood of the occurrence of instantonic transitions
exponentially decays as the relative Pontryagin number of the different vacua involved in
the process increases. On general grounds, the same procedure can be applied to gravity
and, in particular, to the Holst modified action for GR, provided that particular care is used
in treating the boundary terms. In fact, managing the boundary terms in the second order
formulation of GR is far from being trivial [19] due to the difficulties in reabsorbing subtle
infinities [20]: only very recently has it been shown that the Palatini first order formulation
of gravity, instead, is not characterized by the same limitations [21], so that it appears to be
a more promising approach to formulating a well-posed problem. Therefore, considering the
Palatini formulation of GR with the Holst modification and the cosmological constant, we
now evaluate the amplitude of instantonic transitions around de Sitter classical background.
For this purpose, let us start defining the classical Euclidean action. We consider a
4-dimensional Riemannian manifold M with a boundary ∂M . Let e = eaµγadx
µ be the
Clifford-valued local basis 1-form, where γa indicates the four Dirac gamma matrices. We
indicate with ω = ωabµ Σabdx
µ the connection 1-form, where ωabµ is the usual spin-connection
and Σab = 1
2
[
γa, γb
]
are the generators of the SO(4) group. The matrices Σab satisfy the
following relations: [
γa,Σbc
]
= 4δa[bγc] , (9a)[
Σab,Σcd
]
= 4
(
δa[cΣd]b − δb[cΣd]a
)
. (9b)
5The curvature 2-form associated to the connection is defined as R = dω + 1
4
ω ∧ ω. Hence,
remembering that in Euclidean space
Trγaγbγcγd = 4
(
δacδbd − δadδbc − δabδcd
)
, (10)
the Euclidean Hilbert–Palatini action with the Holst modification can be written as (we set
8πG = 1; we will reintroduce the correct dimensions when required by the argument):
S [e, ω] =
1
16
∫
M
Tr e ∧ e ∧
[
⋆W +
1
β
W
]
−
1
16
∫
∂M
Tr e ∧ e ∧
(
⋆ ω +
1
β
ω
)
, (11)
where W = R − Λ
3!
e ∧ e, β is the BI parameter and Λ is the cosmological constant. In
accordance with [21], we added a suitable boundary term to make the action finite. By
varying the above action with respect to the connection ω and the gravitational field 1-form
e, we respectively obtain the following equations of motion:
d (e ∧ e) +
1
2
[ω, e ∧ e] = 0 , (12a)
[e, ⋆R]−
Λ
3
[e, ⋆ (e ∧ e)] +
1
β
[e, R] = 0 , (12b)
where the symbol [ · , · ] stands for the commutator.3 Eq. (12a) leads to the so-called second
Cartan structure equation, i.e.
de+
1
4
[ω, e] = 0 , (13)
which relates the gravitational field to the spin connection. The curvature associated with
the connection satisfying Eq. (13) fulfills the following identity:
[R, e] = 0 . (14)
Finally, once Eq. (13) is satisfied, the remaining equations of motion (12b) reduce to the
ordinary Euclidean Einstein equation of GR, since the term proportional to the BI parameter
vanishes by virtue of Eq. (14). So, as mentioned before, the Holst action is classically
equivalent to the Hilbert–Palatini action [22] (at least in pure gravity [10]); nevertheless,
this equivalence does not survive to the quantization, even in the WKB approximation as
we are going to demonstrate.
Remarkably, the equations of motion (12a) and (12b) are identically satisfied if the fol-
lowing condition holds:
R =
Λ
3
e ∧ e . (15)
The condition above in fact characterizes a family of solutions of the Euclidean equations of
motion with a cosmological constant and can be used to evaluate the tunneling amplitude
in Eq. (8) according to the WKB procedure.
3 It is worth noting that [e, e ∧ e] = 0.
6First, let us evaluate the pull-back of the action (11) on the solution of the equations of
motion. We have:
SEff =
3
32 · 8πGΛ
∫
M
Tr
(
R ∧ ⋆R +
1
β
R ∧ R
)
, (16)
where we reintroduced the physical constants. The presence of the Euler and Pontryagin
classes in the expression above already reveals that the quantum tunneling between inequiva-
lent vacua violates parity: in fact, while for purely self-dual modes the two topological terms
are equivalent, for the anti-self-dual ones they are opposite in sign. Therefore, the left and
right quantum transitions feature a different amplitude. To make this statement explicit,
let us rewrite the effective action above extracting the self and anti-self dual contributions.
To this purpose we define:
R(+) = ⋆R +R , (17a)
R(−) = ⋆R−R , (17b)
which are respectively the self-dual and anti-self-dual components of the curvature 2-form.
By using these definitions, we have
S
L/R
Eff =
3
128 · 8πGΛ
1± β
β
∫
M
Tr
[
R(±) ∧ R(±)
]
.
Therefore, by calculating the integral of the Pontryagin class, we can finally write the am-
plitude (8) as
A
[
Ω
L/R
−→ Ω
]
=
∑
∆w≥0
exp
{
−
9
128
∣∣∣∣β ± 1β
∣∣∣∣ πΛ~G∆w
}
. (18)
where the ± signs refer respectively to the left and right 0-modes. It is worth noting that
the chiral parameter role is here played by the BI parameter, β, which, in fact, behaves like
an instanton angle (see also [16]).
III. GW POWER SPECTRUM
We now have all the elements to write the final expression for the primordial GW power
spectrum as defined in Eq. (7). Specifically we obtain:
P
L/R
h (k) = Ph(k)
∑
∆w≥0
e−
9
128 |
β±1
β |
pi
Λ~G
∆w . (19)
Some comments are now in order. First, let us consider the limit β →∞, which corresponds
to ordinary General Relativity without the Holst modification. In this case the new GW
power spectrum reduces to
P
L/R
h (k) = Ph(k) = Ph(k)
∑
∆w≥0
e−
9
128
pi
Λ~G
∆w , (20)
which, once compared with the one in Eq. (2), reveals an exponentially decaying modifica-
tion (due to the presence of instantonic transitions) that depends on the inflation potential,
7here related to the constant Λ. As expected, as soon as we neglect instanton vacuum-to-
vacuum transitions, namely when ∆w = 0, the above expressions reduce to the ordinary
one.
Furthermore, let us consider the two combinations P+h (k) = P
R
h (k)+P
L
h (k) and P
−
h (k) =
PRh (k)− P
L
h (k) which enter in the cross-correlation functions of CMB and read
P+h (k) = Ph(k)
∑
∆w≥0
(
e−
9
128 |
β−1
β |
pi
Λ~G
∆w
+ e−
9
128 |
β+1
β |
pi
Λ~G
∆w
)
, (21a)
P−h (k) = Ph(k)
∑
∆w≥0
(
e−
9
128 |
β−1
β |
pi
Λ~G
∆w
− e−
9
128 |
β+1
β |
pi
Λ~G
∆w
)
. (21b)
Interestingly enough, P−h (k) characterizes the TB and EB cross correlations and is in general
non-vanishing, thus revealing the possible existence of a parity violation in gravity due to
the presence of the Holst modification; let us look at this in detail.
Again, as soon as we set ∆w = 0, the above expressions reduce to the ordinary ones.
Naturally, the processes with ∆w = 0 do not contribute to P−h (k); meaning that no parity
violation is expected when instantonic transitions are neglected. The function P−h (k) van-
ishes, as well, in the case ∆w 6= 0 and β → ∞, that describes the effects of instantonic
transitions in ordinary gravity as already said above (see Eq. (20)); specifically for β →∞
and ∆w 6= 0 we have
P+h (k) = 2Ph(k)
(
1 +
∑
∆w≥1
e−
9
128
pi
Λ~G
∆w
)
, (22a)
P−h (k) = 0 . (22b)
Finally, the parity violating function P−h (k) does not vanish only if ∆w 6= 0 and |β| < +∞.
Therefore, in general, non-vanishing TB and EB cross-correlations are exponentially sup-
pressed with respect to the other correlation functions, thus making their observation an
extremely hard task.4 One remarkable case is |β| ≈ 1, namely when gravity is (almost) per-
fectly chiral. In this case, in fact, we approximately have P+h (k) ≈ Ph(k)(1 + P
−
h (k)/Ph(k))
or, more interestingly,
DL/R ≡
P−h (k)
P+h (k)
=
∑
∆w≥1 e
−a∆w
1 +
∑
∆w≥1 e
−a∆w
≈ e−a , (23)
where a = 9π |β − 1| /128βΛ~G. In particular, requiring 0.1 ≤ DL/R ≤ 1, we find a
limit on the BI parameter, i.e. 1 − 128
9pi
Λ~G ln 10 ≤ β ≤ 1 + 128
9pi
Λ~G ln 10, which gives
an indication about the possible observability of the TB cross correlation, considering that
4 For the sake of clarity, we stress that this is in contrast with what stated in [17], in fact, according to this
calculation, there is no reason to support the idea that TB can be measured more easily than BB, which
in [17] is a mere consequence of the specific toy model they used.
8Λ~G ∝ H2/M2P l ∝ ρ/M
4
P l is the energy density at the time of inflation in units of the Planck
mass.
While this paper was in the referral process, two other papers, [23] and [24], discussed
possible parity violation effects in gravity. Even though the effects described in all these
works are analogous, their relationship is far from being obvious and worth of being clarified.
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